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1 Introduction 

In [13], wc defined Heegaard Flocr homology invariants for closed, oriented 
three-manifolds. In [11], we defined invariants for cobordisms between three- 
manifolds, and consequently also for smooth, closed four-manifolds. The re- 
sulting package has many properties of a topological quantum field theory, and 
moreover it is closely related to its gauge-theoretic counterparts, Donaldson- 
Floer (sec [1]) and Seibcrg-Witten theory (see [17], [9], [8]). 

In particular, the three-manifold invariants are a fundamental stepping-stone in 
the definition and computation of the four-manifold invariants. Moreover, many 
four-dimensional aspects of the three-manifold Y are reflected in its Heegaard 
Floer homology, including obstructions to embedding the three-manifold in a 
symplectic four- manifold (cf. [14]) and also restrictions on the intersection forms 
of smooth four- manifolds which bound Y (see [15], compare [4]). 

Whereas ingredients in the Heegaard Floer homology are more combinatorial 
in flavor than the corresponding gauge theory ingredients, the definition still 
involves a fundamentally analytical object: holomorphic disks in the symmet- 
ric product of a Riemann surface. Our aim here is to give a combinatorial 
formulation of these groups for a class of three-manifolds which are obtained by 
certain plumbing diagrams. Indeed, this class is large enough to describe, for 
example, all Seifcrt fibcrcd rational homology spheres. The answer we describe 
can be read off from the plumbing tree. Moreover, this answer contains, as 
a by-product, all of the relative invariants of the four-manifold obtained from 
the plumbing description. It is interesting to compare these calculations with 
their corresponding analogues in instanton Floer homology (see for example [3], 
[7]) and Seiberg-Witten theory (see for example [10]). Note that, for many of 
the three-manifolds studied in this paper, the corresponding instanton Floer 
homology and Seiberg-Witten theory remain elusive. 

Applications of these calculations include, as we have mentioned, non-embedding 
theorems for certain of these three-manifolds in symplectic four-manifolds, cf. 
[14] . As another application, we show that the four-manifold obtained from the 
plumbing description has, in some sense, a maximally exotic intersection form, 
as measured by the lengths of characteristic vectors, cf. Corollary 1.6 below. 
The computations in this paper also play a major role in [16], where we give 
constraints on knots in the three-sphere which admit Seifert fibered surgeries. 
A final application described here gives calculations of the Heegaard Floer ho- 
mology for some other three-manifolds, including the product of a circle with a 
surface of genus two. This latter calculation is used to shed some light on the 
structure of Heegaard Floer homology for more complicated three-manifolds. 
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With this motivation in hand, we describe the family of three-manifolds studied 
in this paper; but first, we give some preliminaries. 

We call a weighted graph G a graph equipped with an integer-valued function 
m on its vertices. A weighted graph gives rise to a four-manifold with boundary 
X{G) which is obtained by plumbing together a collection of disk bundles over 
the two-sphere (indexed by vertices of G), so that the Euler number of the 
sphere bundle corresponding to the vertex v is given by its multiplicity m{v) . 
The sphere belonging to v is plumbed to the sphere belonging to w precisely 
when the two are connected by an edge. Let Y{G) be the oriented three- 
manifold which is the boundary of X{G). 

For X = X{G) , the group H2(X; Z) is the lattice freely spanned by the vertices 
of G, and the intersection form on H2{X;Z) is given by the graph as follows. 

For a vertex v of G, let [v] € H2{X-,'Z,) denote the corresponding homology 
class. Then, for each vertex [v] ■ [v] = m{v) , and for each pair of distinct vertices 
V and w, [v]- [w] is one if v and w are connected by an edge, and zero otherwise. 

Definition 1.1 A weighted graph is said to be a negative-definite graph if: 

• G is a disjoint union of trees 

• the intersection form associated to G is negative definite. 

The degree of a vertex v G Vert(G) , denoted d{v) , is the number of edges which 
contain v. A vertex v G Vert(G) is said to be a bad vertex of the weighted graph 
if 

m{v) > —d{v). 

In this paper, we will be primarily concerned with negative-definite graphs with 
at most one bad vertex. 

Note that any Seifert fibered rational homology sphere (with at least one ori- 
entation) can be realized from a negative-definite graph which is star-like (i.e. 
is a connected graph with at most one vertex with degree > 2), so that if v 
is a vertex with degree d{v) < 2, then m{v) < —2 (see for example [6]). In 
particular, this is a negative-definite graph with at most one bad vertex. 

Our goal here is to give an algebraic description of the Heegaard Floer homol- 
ogy groups HF'^{—Y{G)). Recall that the Heegaard Floer homology groups 
come in a package, HF^ , HF~ , HF°° and HF which arc all closely related. 
However, for a rational homology three-sphere, all of the information can be ex- 
tracted from HF~^ . Recall that this group is in general a module over the ring 
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Z[?7] , where U lowers degree by two, and every element in is annihilated 

by a sufficiently large power of U . 

As a starting point, let Tq^ denote the graded -module which is the quo- 
tient of 7j[U, U^'^] by the submodule U ■ 7j[U] . This module is graded so that 
the element U~'^ (for d> 0) is supported in degree 2d. Recall that 

Let Char(G) denote the set of characteristic vectors for the intersection form. 
Let 

H+(G) C Hom(Char(G),ro+) 

denote the set of functions with finite support and which satisfy the following 
"adjunction relations" for all characteristic vectors K and vertices v. Let 

2n = {K, v) + V ■ V. 

If n > 0, then we require that 

U''-cl){K + 2PD[v]) = cj){K), (1) 

while if ra < 0, then 

(f>{K + 2PD[v]) = [/-" • 0(K). (2) 

We can decompose M'^{G) according to Spin'^ structures over Y . Note first 
that the first Chern class gives an identification of the set of Spin'^ structures 
over X = X{G) with the set of characteristic vectors Char(G). Observe that 
the image of H^{X,dX;Z) in H^{W;Z) is spanned by the Poincare duals of 
the spheres corresponding to the vertices. Using the restriction to boundary, it 
is easy to see that the set of Spin'^ structures over Y is identified with the set 
of 2i?2(X, ax ;Z) -orbits in Char(G). 

Fix a Spin'^ structure t over Y. Let Chart(G) denote the set of character- 
istic vectors for X which are first Chern classes of Spin'^ structures s whose 
restriction to the boundary is t. Similarly, we let 

H+(G,t) C M+{G) 

be the subset of maps which are supported on the subset of characteristic vectors 
Chart(G) C Char(G) . We have a direct sum splitting: 

H+(G) ^ H+(G,t). 
teSpin'=(y) 
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We can also introduce a grading on EI+(G) as follows. We say that an element 
(p € EI+(G) is homogeneous of degree d if for each characteristic vector K with 
(l){K) 7^ 0, (f){K) G Tq' is a homogeneous clement with: 



Our main result is the following identification of HF~^{—Y(G)) in terms of 
combinatorics of the plumbing diagram: 

Theorem 1.2 Let G be a negative-deGnite weighted graph with at most one 
bad vertex, in the sense of Definition 1.1. Then, for each Spin'^ structure t over 
—Y{G), there is an isomorphism of graded '^[11] modules, 



Remark 1.3 It is a straightforward matter to determine HF~^(Y{G),t) from 
HF+{-Y{G),t), cf. Section 2 of [12]. 

In the statement of the above theorem, the grading on HF'^{—Y{G),t) is the 
absolute Q-grading defined in [11] and studied in [15]. Recall that when —Y{G) 
is an integral homology sphere, this absolute grading takes values in Z. 

As a qualitative remark, it is perhaps worth pointing out the following corollary 
(compare [3]). To state it, recall that there is an absolute Z/2Z-grading on 
HF~^(Y,i) which, for rational homology three-spheres, is determined by the 
following criterion. A homogeneous element ^ is even with respect to this 
grading if there is a non-zero homogeneous element of € HF°° {Y, t) with the 
property that 



When Y is an integral homology sphere, this notion coincides with the parity 
of the (Z-)grading of ^. 

Corollary 1.4 If G is a negative-dehnite graph with at most one bad vertex, 
then all elements of HF'^{—Y{G),t) have even Z/2Z grading. 

Proof This follows immediately from Theorem 1.2 and the definition of the 
absolute gradings: (l){K) G Tq~ , and the latter module is supported only in even 
degrees. □ 





HF+{-Y{G),t) ^M+(G,t). 



deg(0 - deg(eo) = (mod 2). 
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This underscores the importance of the hypothesis on the graph. For example, if 
Y is the Brieskorn homology sphere S(2, 3, 7) (which can be thought of as (— 1)- 
surgery on the right-handed trefoil knot) then it follows easily from the Kiinneth 
formula for connected sums (Theorem 6.2 of [12]) that HF^{—{Y#Y)) has ele- 
ments of both parities. On the other hand, Y^Y admits a plumbing description 
as a negative-definite disconnected graph with two bad points. For an example 
belonging to a connected graph, one can take —1 surgery on the connected sum 
of two right-handed trefoil knots in , see Proposition 4.2 and Remark 4.3 be- 
low. The methods for obtaining Theorem 1.2 do, however, give information on 
the Floer homology groups of the thrcc-manifolds obtained from these plumbing 
diagrams as well, see Theorem 2.2 below. 

Theorem 2.1 also has the following corollary. For the purpose of this corollary, 
recall that in [15], we defined an invariant d{Y,i) associated to an oriented, 
rational homology three-sphere Y equipped with a Spin^ structure t. This 
invariant takes values in Q, The importance of d{Y,i) is shown by the fact 
that it gives a bound on the exoticness of the intersection form for any smooth, 
definite four-manifold which bounds Y . Specifically, if y is a rational homology 
three-sphere equipped with a Spin'^ structure t, then if W is an oriented four- 
manifold with negative-definite intersection form, and s is any Spin'^ structure 
over W whose restriction to Y is t, then Theorem 9.6 of [15] establishes the 
inequality 

ci{sf + rkH^{X;Z) < Ad{Y,t). (4) 

Compare also the gauge-theoretic version of Fr0yshov, [4] and [5]. (For the 
relationship between diagonalizability of definite, unimodular forms Q and the 
maximal value, over all characteristic vectors K for Q, of the quantity i^^-l-rk, 
see [2].) We have the following consequence of Theorem 2.1 (which, in the case 
where G has two bad points, follows from Theorem 2.2): 



Corollary 1.5 Let G bea negative-deGnite graph with at most two bad points, 
and fix a Spin'^ structure t over Y . Then, 

d(Y(G),t)= max ^^1±M_ (5) 

{KeChari(G)} 4 



The above result gives a practical calculation of d{Y, t) : for a given t € Spin'^(y) , 

it is easy to see that the maximum of ^ ^^'^^ is always achieved among the 
finitely many characteristic vectors K G Chart(G) with 

• f I < \m{v)\. 
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(A smaller set containing these minimal vectors is described in Proposition 3.2 
below.) 

Inequality (4), combined with Corollary 1.5, immediately gives the following: 

Corollary 1.6 Let G be a negative-definite graph with at most two bad points, 
and fix a Spin'^ structure t over Y . Then, for each smooth, compact, oriented 
four-manifold X with negative intersection form which bounds Y , and for each 
Spin"^ structure s G Spin"^(X) with s\Y = t, we have that 

c,{sf + Tk{H\X;Z)) < max + \G\. 

{ifGChart(G)} 

The above results arc proved in Section 2. In Section 3 we give some sample cal- 
culations. In Section 4, we use these techniques as a starting-point for another 
calculation: the calculation of HF'^{S^ x S2) (cf. Theorem 4.9 below). 

We end the paper with some speculations based on this latter result. Specifi- 
cally, recall that we defined in [13] and [12] a group HF°° which captures the 
behaviour of HF'^ in all sufficiently large degrees. When the three-manifold 
has bi (Y) < 3 , HF°° is determined by hi (Y) . It remains an interesting ques- 
tion to determine HF°° for arbitrary three-manifolds. We conclude this paper 
with a conjecture relating HF°°{Y) with the cohomology ring of Y . 

Acknowledgements We would like to thank the referee for a careful reading 
of the manuscript and some very useful comments. 

PSO was supported by NSF grant number DMS 9971950 and a Sloan Research 
Fellowship; ZSz was supported by NSF grant number DMS 0107792 and a 
Packard Fellowship. 

2 Proof of Theorem 1.2 

In the present section, we state a more precise version of Theorem 1.2, and give 
a proof. For the more precise statement, we need the following notions. 

First, to postpone a discussion of signs which might obscure matters, we work 
over the field with two elements F = Z/2Z for the rest of the subsection, 
returning to a sign-refinement which allows us to work over Z in Subsection 2.1. 
Thus, unless it is explicitly stated otherwise, all Floer homology groups in 
this subsection are meant to be taken with F coefficients (which we suppress 
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from the notation). In particular, with these conventions, now denotes the 
quotient of ¥[U, U'^] by the submodule U ■ ¥[U] . 

We define a map 

r+: HF+{-Y{G)) — yM+{G) 

as follows. The plumbing diagram can be viewed as giving a cobordism W{G) 
from to the three-manifold Y{G) (i.e. this is the four-manifold obtained by 
deleting a ball from the four-manifold X{G) considered in the introduction) or, 
equivalently, a cobordism from —Y{G) to . Now let 

r+(0:Char(G)^V 

be the map given by 

r+(0(K) = G HF+iS') = V, 

where s G Sp'm'^{W{G)) is the Spin'^ structure whose first Chern class is K, 
and F^^Q^ ^ denotes the four-dimensional cobodism invariant defined in [11]. 

Theorem 2.1 Let G he a negative-definite graph with at most one had vertex. 
Then, r+ induces a grading-preserving isomorphism: 

M+(G,t) ^ HF+{-Y{G),i). 

These techniques can be pushed further to obtain the following: 

Theorem 2.2 Let G be a negative-dehnite graph with at most two bad ver- 
tices. Then, r+ produces an isomorphism of graded Z[U] -modules 

m+{G,t)^HF+{-Y{G),i), 

where HF^ denotes the part of HF^ with even parity (using the absolute 
Z/2Z grading). 

In practice, it is sometimes easier to think about EI+(G) from the following dual 
point of view. We let ]K+(G) denote the equivalence classes in Z-^ x Char(G) 
(where we write a pair m and K as U"^ ^ K) under the following equivalence 
relation. Let i; be a vertex and let 

2n = {K, v) + V ■ V. 

If > 0, then: 

®{K + 2'PT)[v\) ~ ® 

while if n < 0, then 

U'^®{K + 2Piy[v]) ~ t/™^" O K. 
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Given a function 

Char(G) — >T+, 

there is an induced map 

^: X Char(G) — > T+ 
defined by ^ 

Clearly, the set of finitely-supported functions (f): Char(G) — >■ Tq~ whose in- 
duced map (p descends to is precisely ]H[+(G). 

Lemma 2.3 Let Bn denote the set of characteristic vectors 

Bn = {K e Char(G)|Vu G G,\{K,v)\ < -m{v) + 2n}. 
The quotient map induces a surjection from 

n 
i=0 

onto the quotient space 

K+{G) 



Z>" X Char(G) 
In turn, we have an identification 



(Ker(/"« CH+(G;F)) ^ Horn ^^^^^^ . F 

(i.e. the right-hand-side consists of maps from K'^{G) to F which vanish on 
the equivalence classes which contain representatives of the form ® K' with 
m > n) and, indeed. 



(Kert/»«ce-(G;Z))^H„m(^,^ 



Char(G) 

Proof The surjectivity statement follows easily from the definition of the 
equivalence relation in (G) . 

The duality map is the one sending 

(i.e. taking the part in Tq' which lies in degree zero). This obviously induces a 
map 

IfC+(G) 



KerC/'^+i — V Hom 



Z>" X Char(G) 
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This map is injective, since if 0(i^) G is an element with 

for all £ > n, then clearly • (piK) = 0. To see that the map is surjective, 

observe that if 

is an arbitrary element, we can define a map 

n 

whose degree zero part is r. Clearly, (j) € IHI+(G) , and [/""+^ • ^ = 0. □ 

We now set up some properties of IHI+ (G, t) with a view towards proving The- 
orem 2.1. 

Proposition 2.4 The map T"*" induces an ¥[U] -equivariant, degree-preserving 
map from H F'^ {~Y (G) , t) to Hom(Chart(G), Tq^) whose image Ues in 

H+(G,t) C Hom(Chart(G),To+). 

Proof The map r+ lands inside Hom(Chart(G), T^"^) with finite support, ac- 
cording to general finiteness properties of the maps on HF~^ induced by cobor- 
disms (cf. Theorem 3.3 of [11]). Alternatively, this finiteness follows from the 
degree shift formula for maps induced by cobordisms. Theorem 7.1 of [11], 
which also shows that r+ is degree-preserving. The fact that r+ lands in the 
subset of Hom(Cliart(G), TJ^"^) satisfying the adjunction relation (Equation (1) 
or (2) as appropriate) defining M'^{G) is proved in Theorem 3.1 of [14] (where, 
actually, relations are established for oriented, embedded surfaces of arbitrary 
genus) . □ 

If G is a weighted graph with a distinguished vertex v G Vert(G) , we let G'{v) 
be a new graph formed by introducing one new vertex e labelled with weight 
— 1, and connected to only one other vertex, v. Moreover, we let G^i{v) denote 
the weighted graph whose underlying graph agrees with G, but whose weight 
at V is increased by one (and the weight stays the same for all other vertices). 
The two three-manifolds Y{G'{v)) and Y(G-^i{v)) are clearly diffeomorphic; in 
fact, we have the following: 
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Proposition 2.5 Let G'{v) be the graph obtained from G as above. Then, 
there is a grading-preserving isomorphism 

R: m+{G\v)) m+{G+i{v)) 

Moreover, this map is natural with r+ in the sense that: 

HF+{-Y{G'{v))) HF+{-Y{G+^{v))) 



G'(v) 



G+l(") 



n+{G'{v)) H+(G'+i(7;)), 

where map is the isomorphism induced by the diffeomorphism ofY(G'{v)) = 
Y{G+,{v)). 

Proof We construct R in two steps. As a first step, let G^i{v) U / denote 
the disconnected graph consisting of the disjoint union of G+i{v) and a single 
vertex / with multiplicity — 1 . We have a map 

Char(G+i(i;) U /) ^ Char(G'(i;)) 

induced by a change of basis. It is easy to see that this map induces an isomor- 
phism 

M+{G+^iv)Uf)^M+{G'{v)). 

Next, we define a map 

g : IH+ (G+i (i;)) ^ H+ (G+i (i;) U /) 

by the formula (where m > 0) 

Qi(l)){K,{2m + l)) = C/™(™+i)/2 . 

Q{^){K,-{2m + l)) = C/"^('"+i)/2 . 

In the above notation, (K, i) denotes the characteristic vector for G+i (v) U / 
whose restriction to G+i{v) is K and whose evaluation on / is ^. The map 
Q, too, is clearly an isomorphism. We define R to be the composition of the 
above isomorphisms. 

To check commutativity of the diagram, observe that we have a diffeomorphism 
of four-manifolds W{G'{v)) = W{G+i{v) U /), arising by sliding the circle 
corresponding to v (in G'{v)) over the circle e. By the handleslide invariance 
of the maps induced by cobordisms (cf. [11]) and the blow-up formula, we have 
the identification 
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where here ^' and ^" are obtained from by equivalences of the Heegaard 
diagrams belonging to —Y{G'{v)), —Y{G^i{v)U f) , and —Y{G-^i{v)) , and K' 
is the characteristic vector of the Spin^ structure over G'{v) whose characteris- 
tic vector can be written as {K, 1) under the change-of-basis corresponding to 
W{G'{v)) = W{G-\-i{v) U /). Commutativity of the square now follows. □ 

We begin with a few remarks on the case of a graph with no bad points. Recall 
that for such graphs, HF^^{Y{G)) = 0, as established in Theorem 7.1 of [14]. 
This follows easily from the following lemma, whose proof we include here for 
the reader's convenience: 

Lemma 2.6 If G is a negative-deGnite graph with no bad vertices, then 
H,{Y{Gy,Z)=TkHF{Y{G)). 

Proof To show that \Hi{Y {G);Z)\ = ikHF{Y{G)), one shows that both of 
these numbers are additive in the sense that: 

N{G)=N{G+i{v)) + N{G-v) (6) 

(provided that also has no bad points) and they both satisfy the nor- 

malization that 

A?^ (empty graph) = 1. (7) 

(Additivity of TkHF{Y{G)) follows easily from the long exact sequence of HF; 
additivity of \Hi{Y{G);Z)\ is elementary.) 

The equality of the two quantities now follows from induction, and the following 

observation: if G is a graph with no bad vertices and w is a leaf (i.e. a vertex 
with degree d{v) = 1) with multiplicity —1, then G can be "blown down" to 
produce a graph with no bad vertices and one fewer vertex. □ 

Lemma 2.7 Let G be a graph which satisfies the inequaUty at each vertex v: 

m{v) < -d{v). (8) 
Then, the rank of KeiU C M.'^(G) is the number of Spin'^ structures over Y . 

Proof In view of Lemma 2.3, the rank of KerU is determined by the number 

of inequivalent characteristic vectors in Bo, which are also not equivalent to 
elements in x Char(G) . Indeed, by subtracting off Poincare duals of vertices 
as required, this is equal to the number of distinct characteristic vectors which 
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are not equivalent to vectors of the form U"' (8> K' with n > and which satisfy 
the inequahty: 

m{v) + 2 < K{v) < -m{v) (9) 

at each vertex v . We call such a characteristic vector a short vector for G , and 
let S(G) denote the set of short vectors. The proposition, then, is equivalent 
to the statement that the number of vectors in S{G) agrees with the order of 

To this end, let -y be a leaf of G, and w he s, neighbor of v. We claim that 

\S{G)\ = -m{v)\S{G -v)\- \S{G -v-w)\. (10) 

This equation implies the lemma by induction on the number of vertices in the 

graph, since (—1)'*^! det(G) (which counts the order of Hi{Y{G)]'L) and hence 
the number of Spin'^ structures over Y{G)) clearly satisfies the same relation. 

First, we claim that for each short vector K for G — v — w, there is some 
constant m{w) + 2 < c{K) with the property that (K,p) is a short vector for 
G — V for all m{w) + 2 <p < c{K) ; and indeed, all the short vectors for G — v 
arise in this manner. Then, Equation (10) follows from the following claim: the 
set of short vectors for G whose restriction to G — v — w is K is given by: 



u 



{K,p,i) 

m.(w) + 2 <p < c(K), 
y m(v) + 2 < i < -m(v) J 



To see the existence of c{K^ as above, we proceed as follows. A characteristic 
vector L (for any negative-definite, weighted graph) which satisfies inequalities 
m(v)-\-2 < L{y) < —m{v) at each vertex v is equivalent to a vector of the form 
(g) V with n > if and only if there is a subset {vi, . . . , Vfe} of vertices and 
an element A = a\P'D[v\\ H + afePD[tijfc] with all Oj > 0, so that 

L- A + A- A>Q (11) 

(see Proposition 3.2 below). Moreover, it follows easily from this same discus- 
sion that if G satisfies Inequality (8) at each vertex, then we can arrange for 
all the ai € {0,1}. We use this to conclude that if is a short vector for 
G — V — w , then L = {K,m{v) + 2) is a short vector for G — v: if not, we 
would have an expression A as above, and, since K is short for G — v — w, 
w G {vi, . . . ,Vk} , so we write A = Aq + FT)[w] . Let j be the number of spheres 
appearing in the expression for Aq (with non-zero multiplicity) which meet w . 
Then, 

L- A + A- A = K ■ Ao + Ao- Ao + 2m{w) + 2 + 2j. 
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Since j < d{w) < -m{w) , and K G S{G-v-w) , it follows that L-A+A-A < 0, 
contradicting Inequality (11). 

The count of short vectors in G with fixed restriction to G — v — w (which 
establishes Equation (10)) proceeds similarly. □ 

Suppose G is a graph with a distinguished vertex v. Clearly, Y{G) is obtained 
from Y{G — v) by a single two-handle addition, and Y{G'{v)) is also obtained 
from Y[G) by a single two-handle addition. These two-handle additions can be 
viewed as cobordisms from —Y{G) to —Y{G — v) and —Y{G'{v)) to —Y{G) 
respectively. The induced maps fit into a short exact sequence, as follows: 

Proposition 2.8 Suppose that G+i{v) is a negative-dcGnitc plumbing dia- 
gram, and suppose that G — v contains no bad points. Then, there is a short 
exact sequence: 

^ HF+{-Y{G'{v))) HF+{-Y{G)) ^ HF+{-Y{G - v)) ^ 0, 
where the maps and S+ above are induced by the two-handle additions. 



Proof Theorem 9.12 of [12] gives a long exact sequence 

> HF+{-Y{G'{v))) ^ HF+{-Y{G)) 

^ HF+{-Y{G - v)) ^ HF+{-Y{G'{v))) ■ ■ ■ 

where the maps A'^ , i?+ , and C+ are induced by two-handle additions (in the 
sense of [11]). 

The hypothesis that G+i{v) is negative-definite ensures that the two cobordisms 

inducing A~^ and above are both negative-definite; it follows that the third 
cobordism is not, and hence it induces the trivial map on HF°^ (cf. Lemma 8.2 
of [11]). Since G — v has no bad points, it follows easily from Lemma 2.6 that 
i/F+j(-y(G -v))=Q. Thus, the map C+ is trivial. □ 

Note that the above short exact sequence (together with the obvious induction 
on the graph) suffices to prove Corollary 1.4. 

To prove Theorem 2.1, we compare the short exact sequence of Proposition 2.8 
with a corresponding sequence for IH+ , defined as follows. 

We write characteristic vectors for G'{v) as triples {K,i,i), where K is the 
restriction to G — v, and i and i denote the evaluations on the vertices v and 
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/ respectively (in particular, here i = m{v) (mod 2), and £ = 1 (mod 2)). 
Similarly, we write characteristic vectors for G as pairs {K, i) . 

Given a finitely supported map (f) G Hom(Char(G'(t;)), 7^"^) , we let 

A+(<^) G Hom(Char(G),ro+) 

be the map defined by 

+ 00 

{A+{(t)),{K,p)) = J2 ct^{K,p,2j + 1). 

j=-oo 

Similarly, given a finitely supported map (f) G Hom(Char(G), 7^"^) , we let 

B+((^) G Hom(Char(G - v),T+) 

be the map defined by 



8 + 



{<j>),K) = J2 HK,2i + m{v)). 



Lemma 2.9 The above formulas induce maps 

A+ : B.+{G'{v)) — > M+(G) and B+ : M+(G) — > M+(G - v). 

Proof The proof is straightforward. □ 

Next, we verify that these maps fit together with the maps of Proposition 2.8 
as follows: 



HF+{-Y{G'{v))) — ^ HF+{-Y(G)) H F+ {-Y {G - v)) , 



G'(v) 



T+ 



T+ 



(12) 



W-{G'{v))) M+(G) B.+{G-v). 



Lemma 2.10 Let G he a graph with the property that G'{v) is negative- 
dehnite. Then, the squares in Diagram (12) commute. Moreover, A"*" is injec- 
tive, and 

B+ o A+ = 0. 

Proof Commutativity of the squares follows immediately from the naturality 
of the maps under composition of cobordisms. 
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To verify the injectivity of A+ , we proceed as follows. Note that the grading on 
induces a filtration in the natural way. Specifically, if ^ G Tq~ is a non-zero 
element, we can write 

e = ?0 + • • • + Cn, 

where denotes the homogeneous component of ^ in dimension i, so that 
^„ 7^ 0. Then, we define = n. By convention, J-'{0) = — oo. 

Now, fix some non-zero 4> € ^'^{G'{v)), and let /Ci C Char(G'(v)) denote the 
set of characteristic vectors K which maximize J-{(j){K)) (amongst all charac- 
teristic vectors). Such a vector can be found since (f) has finite support. Next, 
let IC2 C /Ci denote the subset for which {K, v) is maximal. We claim that if 
if G /C2 , then 

A+mK\G)^Q. 

In fact, letting E{K\G) denote the set of characteristic vectors for G'{v) whose 
restriction to G agrees with the restriction of K , we claim that there is a unique 
vector in £{K\G) which maximizes JFo0 (so it is if), and that vector satisfies 
(if, e) = — 1 . To see this, observe that if L G £{K\G) satisfies | (i^, e) | > 1 , then 
J-{(p{L)) < jF(0(if)). This follows immediately by the adjunction relation: if 
L satisfies this hypothesis, then by adding or subtracting 2PD(e) (depending 
on the sign of (L, e)), we could find a new vector L' with -^(L') = 0(L) for 
m > 0, so T{^{L)) < J^(0(L')) < ^{4>{K))- Next, we claim that (if,e) = -1, 
for if (if, e) = +1 , then by adding 2PD(e) , we would obtain a new characteristic 
vector K' with (f){K) = (f){K') , but with 

(if',^;) = {K,v)+2, 

violating the hypothesis that if G A^2 • This completes the proof that if is the 
unique vector in f (if |G) which maximizes .T^o^, so it follows immediately that 
A+(0)(if|G)7^O. 

To verify that B"^ o A+ = 0, we proceed as follows. It is an easy consequence 
of the adjunction relation that if if G Char(G — v) is any characteristic vector, 
then for any i > 0, we have that 

(l){K,p,2i + l) = U^-^ ■cf>{K,p + 2i + 2,-1), 

(l){K,p,-{2i + l)) = ■<i){K,p-2i,-l), 

where {K,i,j) G Char(G'(f)) is the characteristic vector whose restriction to 
G — V is if, and its values on v and e are i and j respectively. 

Thus in the double sum 

+00 +00 

((B+oA+)(,^),if) = J2 12 HK,2i + m{v),2j + l), 

i=—ooj=—oo 
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the terms cancel in pairs. □ 

Proposition 2.11 Suppose G is a plumbing diagram satisfying Inequality (8) 
at each vertex, then T"*" induces an isomorphism 

T+: HF+{-Y{G)) ^H+(G). 

Proof With a shght abuse of notation, we let 

M{G{v)) = KeiU C M.+ {G{v)) 

throughout this proof. 

We prove the result by induction on the graph. The basic cases where the graph 
is empty (so there is only one characteristic vector, the zero vector) is obvious, 
as is the case where the graph has a single vertex labelled with multiplicity — 1. 

We now prove the result by induction on the number of vertices in the graph, 
and then a sub-induction on —m{v) , where is a leaf in the graph. For the 
sub-induction, we allow = —1. This case is handled by the inductive 

hypothesis on the number of vertices, since —Y(G) is equivalent to a plumbing 
on a graph with fewer vertices and no bad points, and observing that the 
identification from Proposition 2.5 is natural under T+ . 

For the sub-inductive step on —m(v), consider the following analogue of Dia- 
gram (12) (which also commutes, according to Lemma 2.10): 

— >HFi-Y{G'iv))) HF{-Y{G)) — ^ HF{-Y{G -v)) — ^ 0, 



Tg 



Tg- 



M{G'{v))) M(G) M{G-v). 

Here, the top row is exact according to Proposition 2.8. It follows by the 
inductive hypotheses, that both ^^'(i)) Tq-v are isomorphisms. For Tq-v, 
this is obvious, while for Tc"(„) we use Proposition 2.5. It follows immediately 
that B is surjective. Moreover, since B o A = 0, and the rank of ]HI(G) is the 
sum of the ranks of M.{G'{v)) and M{G—v) (according to Lemma 2.7), it follows 
from an easy count of ranks that the kernel of B is the image of A. Now, by 
the five-lemma, it follows that Tq is an isomorphism. 

We now consider Diagram (12), where v is a leaf. Observe that is injective 
while is surjective according to Proposition 2.8. Again, by induction we 
have that '^G-v isomorphisms, so that A+ is injective and 
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is surjective. Now, exactness in the middle follows easily from the fact that it 
holds on the level of HF , together with the fact that IB"*" o A+ = . As before, 
we can now use the five-lemma to establish the desired isomorphism. □ 

Proposition 2.12 Suppose G is a ncgative-deGnite plumbing diagram with 
no bad points, then r+ induces an isomorphism 

T+: HF+{-Y{G)) ^EI+(G). 

Proof This is proved by induction on the number of vertices G with d{v) = 
—m,{v). The case where there is no vertex with d{v) = —m,{v), is Proposi- 
tion 2.11. For the inductive step, we consider Diagram (12) again (together 
with Proposition 2.8), where v G G is a vertex (not necessarily a leaf) with 
d{v) = —m{v) — 1. This time induction tells us that Tq_^ and Tq are isomor- 
phisms. This, together with Lemma 2.10, is sufficient (after a straightforward 
diagram chase) to allow us to conclude that T^',. ^ is an isomorphism. □ 



Proof of Theorem 2.1 This follows in from Proposition 2.12 in a manner 
analogous to how that proposition follows from Proposition 2.11. Again, we 
consider Diagram (12), now choosing v to be the bad vertex. This time, induc- 
tion and Proposition 2.12 tells us that Tq_^ and Tq are isomorphisms. Again, 
we conclude (with the help of Lemma 2.10) that TX, \ is an isomorphism. □ 



Proof of Theorem 2.2 We proceed as in the above proof. Let v be one of 
the bad vertices in G . We would like to prove the result by descending induction 
on —m{v) . In this case, however, Proposition 2.8 is no longer available to us 
since G — v has a bad vertex; but it is the case that HF^^^{—Y{G — v)) = 0, 
in view of Theorem 2.1 (or, more precisely. Corollary 1.4). Thus, we have the 
diagram: 











HF+{-YiG'iv))) 



T+ 
G'(v) 



m+{G'{v))) 



A+ 



A+ 



HF+{-Y{G)) 



B+ 



T+ 



H+(G) 



HF+{-Y{G-v)) 



T+ 
^G- 



M+(G-i;), 



where the maps are indicated as isomorphisms when it follows from induction. 
This diagram forces T^,^^^ to be an isomorphism, as well. □ 
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Proof of Corollary 1.5 Fix a Spin*^ structure t over Y, and let Kq be a 

characteristic vector in Chart(G) for which is maximal. We define a se- 
quence of elements $Ar € H"*" (G, t) by 



As usual, if the exponent of U here is positive, the corresponding element of 
Tq' is zero, so, in particular. 



so 



1 if is maximal in Chart(G) 
0, otherwise 



deg($o) 



Ki + \G\ 



Clearly, U ■ ^n+i = ^N, and U ■ = 0. Thus, by Theorem 2.1 (and 
Theorem 2.2, in the case where there are two bad points), it follows that 
deg($o) = d{-Y{G),t). Since d{-Y{G),i) = -d{Y{G),i), the corollary fol- 
lows. □ 



2.1 Theorem 1.2 over Z 

Strictly speaking, when working over Z, the map associated to a cobordism as 
defined in [11] does not have a canonical sign. Thus, it might appear that r+ 
is defined only as a map 

T+ : HF+{-Y{G), t) — > Hom(Chart(G), T+ / ± 1). 

In fact, we can actually specify a map 

r+: HF+{-Y{G),t) — > Hom(Chart(G),V), 

which is well-defined up to an overall ±1 sign, which we pin down with some 
additional data. Specifically, fix a single Spin*^ structure s G Spin^(l^(G)) 
whose restriction to —Y{G) is t. Since W{G) is a negative-definite cobordism 
between rational homology spheres, the induced map 

F^y. HF^{-Y{G),i) — > HF^{S^) 

is an isomorphism (cf. Proposition 9.4 of [15]), and hence determined up to 
an overall ±1. Now, for each other Spin'^ structure 5', we choose orientation 
conventions so that the induced isomorphism F^^, agrees with U"^ ■ F^^ (where 

here, of course, m = £i(£Lz£l(£i ^ . This fixes signs for all the maps F^,„. , . 
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With this sign in place, we see that r+ induces a map to H+(G, t) with Z 
coefficients (i.e. Proposition 2.4 works over Z), which is uniquely determined 
up to one overall sign. 

Before defining A+ and B+ , we pause for a discussion of their geometric coun- 
terparts A'^ and S+ appearing in the long exact sequence for HF~^ . 

Recall that there was considerable leeway in the orientation conventions used in 

defining the maps in the surgery long exact sequence for HF^ , sec [12]. Indeed, 

the maps A'^ and are defined as sums of maps induced by cobordisms, and 

any orientation convention was allowed provided that the composite map (on 

the chain level) is chain homotopic to 0. More concretely, this can be stated 

(using notation from Lemma 2.10) as follows. Let Wi be the cobordism from 

-Y{G'{v)) to -Y{G) and W2 be the cobordism from -Y{G) to -Y{G - v), 

and observe that the composite cobordism can be identified as a blow-up Wi U 
2 

W2 = W3#CP (with exceptional sphere e), then we can let and 5+ be 
the maps on homology induced by chain maps: 

a+= • /h>i,5i and 6+= ^ Pis2) ■ f^,,,,, 

where /+ denotes the chain map induced by the cobordism (with the canonical 
orientation convention, since both are negative-definite cobordisms in our case), 
and 

a: Spin^(Wi) — > {±1}, /?: Spin^(W^2) — > {±1} 

are maps satisfying the constraint that if s,s' G Spin^(Wi#W2) are any two 
Spin"^ structures which agree over W3 , and 

(ci(5),e) = -(ci(s'),e), 

then 

Oi{s\wi) ■ Pi^lWi) = -o!{s'\wi) • Pi^'lWi)- 

For example, we can choose /3 = 1, and a as follows. Let PD[e] G Wi#W2, and 
let e = PD[£'][i4'i • For each Ze-orbit in Spin'^(VFi), fix an initial Spin'^ structure 
So over Wi, and let a{so) = 1- Then, if s — Sq = "ze, we let a{K) = (— l)'". 

We now define the maps fitting into the short exact sequence: 

A+:H+(G'(u)) — ym+{G), and M+:M+{G) — >m+{G-v). 
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These maps are defined by the formulas: 

(A+ (</.), = Yl c,iK,p,2j + l)^{K,p,2j + l), 

j=-oo 

+ CX) 

{M+ {(!)), K) = PiK,2i + m{v))(t){K,2i + m{v)), 

i=—oo 

where here a{K,p,2j + 1) denotes a apphed to the restriction to Wi of the 
Spin'^ structure over W{G'{v)) whose first Chern class is {K,p,2j + 1), with 
the similar shorthand for /?. 

With these sign conventions in place, we claim that the analogue of Lemma 2.10 
now holds. (Where the statement about commutative squares is weakened 
to squares which commute, up to sign.) Indeed, all the proofs from the last 
subsection readily adapt now to prove both Theorems 2.1 and 2.2 over Z. 



3 Calculations 

3.1 An algorithm for determining the rank of KerC/ 

The group EI^(G) can be determined from the combinatorics of the plumbing 
diagram. In fact. Lemma 2.3 gives us a finite model for EI+(G) (at least, the 
subset of Ker[/""^^, for arbitrary n). We give here a more practical algorithm 
for calculating KevU or, more precisely, its dual space. 

Fix a characteristic vector K satisfying inequality 

m{v) + 2<{K,v)< -m{v). (13) 

Now, successively apply the following algorithm to find a path of vectors {K = 
Ko,Ki, . . . , Kn) so that the Ki for z < n satisfy the bounds 

\{Ki,v)\ < -m{v) (14) 

for all vertices v . Given , choose any vertex Vi+i with 

{Ki,Vi+i) = -m{vi+i), then let K^+i = Ki + 2PD[?;i+i]. (15) 

This algorithm can terminate in one of two ways: either 

• the final vector L = Kn satisfies the inequality, 

m{v) < {L, v) < -m{v) - 2 (16) 

at each vertex v or 
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• there is some vertex v for which 

{Kn,v) > -m{v). (17) 

To calculate the rank of KerU in the examples in this paper, we use the follow- 
ing claim: the equivalence classes in which have no representative of the 
form U™'^K' with m > are in one-to-one correspondence with initial vectors 
K satisfying Inequality (13) for which the algorithm above terminates in a char- 
acteristic vector L satisfying Inequality (16). The purpose of Proposition 3.2 
is to establish this claim. 

Definition 3.1 We call a sequence of characteristic vectors {K = Kq, . . . , Kn 
= L) obtained from the above algorithm a full path; i.e. K = Kq satisfies 
Inequality (13), i^j+i is obtained from Ki by Equation (15), and the final 
vector L = Kn satisfies either Inequality (16) or (17). 

Proposition 3.2 Fix an equivalence class in ]K+(G) which contains no repre- 
sentatives of the form (X" K' for m > 0. Each such equivalence class has a 
unique representative K satisfying Equation (13). Indeed, a characteristic vec- 
tor K satisfying these bounds is inequivalent to an element of the form V^^K' 
(with m, > 0) if and only if we can find a full path 

{K = Ko,Ki,...,Kn = L) 

terminating with a characteristic vector L = Kn which satisRes Inequality (16) 
for each vertex v. 

Proof Let M be a characteristic vector which is not equivalent to U"^ K' 
for m > 0. We find a full path using the above algorithm. Specifically we let 
Lq = M , and then for each j > 0, and extend Lq to a sequence Lq, . . . ,Ln^ 
by letting Vj+i be a vertex for which 

{Lj,Vj+i) = -m{vj+i), 

and then letting L^+i = Lj-\-2PD[vj+i] . Clearly, in this sequence, each element 
satisfies 

m{v) < {Lj,v) < —m{v) 

(for otherwise, Lj would be equivalent to an element of Z^^ x Char(G)). The 
sequence is finite (since the elements of the sequence are all distinct) , so it must 
terminate with L„^ satisfying Inequality (16). In the same way, we can extend 
back from Lq to obtain a sequence (Lq, i-i, • . . ,Ln_) by the rule that if there 
is a vertex v for which {Lj,v) = m{v), then 

Lj_i = Lj - 2PB[v]. 
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This sequence must terminate with L„_ satisfying Inequality (13). Thus, 

{Ln- ) Ln_+i, . . . ,Lq = M, Li, . . . , -£/n+) 

is a full path in the sense of Definition 3.1. In particular, is the represen- 
tative K. 

We argue that if M is a vector in a full path {K = Kq, . . . , K„ = L) , so that L 
satisfies Inequality (16), then L is uniquely determined by M (i.e. independent 

of the particular sequence). In fact, if {vi, . . . ,V£} are vertices with {M,Vi) = 
—■m{vi), then L must be obtained from M by adding 2PD[ui] + • • • + 2PD[f^] 
(so that we can achieve {L,Vi) < —m{vi)), and then adding some additional 
vertices. Thus, 

M + 2PB[vi] + --- + 2PB[ve] 

lies on a full path with the same endpoint L. By induction on the minimal 
distance of M to its endpoint on a full path, we have the uniqueness of the 
final point L. 

Next, we argue that if M and M' are two characteristic vectors which are 
equivalent to one another, and M 7^ C/™" <^ K' for m > 0, then the endpoint 
of any full path through M agrees with the endpoint of a full path through 
M' . This is clear if M' = M it 2PD [v] : we can find a full path which passes 
through both M and M' . More generally, if M M' , wc can get from M to 
M' by a finite number of additions or subtractions of 2PD[t;] for vertices so as 
to leave the square unchanged (i.e. Mj+i is obtained from M-j by Mj+i = M, — 
2ei+iPD[?;j_|_i] where Vi+i is a vertex which satisfies (Mj,Vi+i) = ei+im{vi+i) 
for ej+i = ±1). The assertion then follows by an easy induction on the number 
of such operations. 

Turning this around, we also see that the initial point of a full path is uniquely 
determined by the equivalence class of the characteristic vectors lying in it. 
This gives the uniqueness statement claimed in the proposition. 

Finally, we argue that if is a vector satisfying Inequality (13), but K ~ 
(8) -f^' for m > 0, then there is no full path connecting K to another 
characteristic vector L satisfying Inequality (16). To see this suppose that 
K U"^ (g) if' , we can find some sequence 

Mo = K,Mi,...,Mi = M 

and signs € {±1} with 

Mi+i = Mi - 2ei+iPD[ui+i] 
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and 

{Mi, [ui+i]) = ei+im{ui+i). 
where each Mj satisfies (for each vertex v) 

\{Mi,[v])\ < -m{v), 

but there is some vertex w with |(M, > —m{v). We claim that this 
sequence can be shortened so that all the are positive. To see this, observe 
first that ei = +1. Now, consider the smallest integer i with e^+i = —1, so 
that Mj • = m('Uj_|_i). It follows easily that Uj+i G {ui, . . . ,Ui}. If we let 
j be the last integer in [1, . . . , with Uj = iij+i , then it is easy to see that for 
each k € [j + 1, . . . ■ Uj+i = 0. It follows immediately that we delete 

the occurance of the j'*^ and {i + 1)** vertices from {ui, . . . ,Un) to construct a 
new, shorter sequence on characteristic vectors satisfying the same properties 
as the Mj (in particular, connecting the same two endpoints), only with one 
fewer occurance of the sign ej = —1. Proceeding in this manner, we end up 
with a sequence with all ej = +1. 

Next, suppose that there is a full path connecting K as above to L. We claim 
now that, after possibly reordering, (ui, . . . , U() is a subsequence of the vertices 
{vi,. . . ,Vn) belonging to the hypothesized full path connecting K to L. It is 
easy to see then that we can extend the original sequence [K = Mq, . . . , Mi) to a 
sequence K = Mq, . . . , M„ = L (using a reordering {wi, . . . , Wn) oi {vi, . . . , Vn) ) 
so that 

Mi+i = Mi + 2PB[wi+i] 

and (Mj, [wi+i]) > -m{wi+i). This forces K ~ L ~ (g) L for m > 0. But 
it is impossible for iSi L L. □ 

3.2 Examples 

We illustrate the algorithm described above by calculating HF'^ {Y) for certain 
Brieskorn spheres Y . 

Notational Conventions In describing graded Z[?7] -modules, we adopt the 
following conventions. will denote the graded Z[C/] -module which is isomor- 
phic as a relatively graded Z[[7]-module to H (S^) , but whose bottom-most 
non-zero homogeneus element has degree k. Also, Z^;,^ will denote the Z[C/] 
module Z[U]/UZ[U], graded so that is supported in degree k. 

For example, with this notation, 
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The Poincare homology sphere Consider the Poincare homology sphere 
Y = S(2, 3, 5) . This can be reahzcd as the boundary of the plumbing of spheres 
specified by the negative-definite Eg Dynkin diagram. 

We claim that the techniques of the present paper can be used to verify that 

iJF+(-S(2,3,5))^r+, 

compare Section 8 of [15]. 

We claim that the only full path connecting vectors K and L as in Proposi- 
tion 3.2 is the path consisting of the single characteristic vector K = L = 0. 

Specifically, we consider the 256 possible initial characteristic vectors K as in 
Proposition 3.2, i.e. 

{K,Vi) e {0,2}. 

It is easy to see that if {K,Vi) = 2 for at least two vertices, then the algorithm 
given above terminates with a characteristic vector L satisfying Inequality (17): 
i.e. K ^U®K'. 

It remains then to rule out eight remaining cases where there is only one vertex 
on which K does not vanish. Ordering the vertices in the diagram so 
that vi is the central node (with degree three), and {vi,V2), {vi./V'>,./v,i) , and 
{vi,v^,v%,vj,v^) are three connected segments, we write characteristic vectors 
as tuples 

{{K,vi),...{K,vs)). 

We include here one of these eight cases - exhibiting a full path from Kq = 
(0, 0, 0, 0, 0, 0, 0, 2) to a vector Kn with {Kn, v) = 4 for some vertex v - leaving 
the remaining seven cases to the reader. 

{(2,0,0,0,0,0,0,0), (-2,2,2,0,2,0,0,0), (0,-2,2,0,2,0,0,0), 
(2, -2, -2, 2, 2, 0, 0, 0), (-2, 0, 0, 2, 4, 0, 0, 0) } 

The Brieskorn sphere E(2,3, 7) We give here another calculation showing 
that 

ifF+(-S(2,3,7)) ^ro+eZ(o) 

(compare [15]). 

This homology sphere is realized as the boundary of a plumbing diagram with a 

central node vi of square — 1 , and three more spheres V2 , , and v,^ of squares 
— 2, —3, and —7 respectively. The vectors (1,0,-1,-3), (1,0,-1,-5) are the 
only two vectors satisfying Inequality (13) which begin a full path ending in a 
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characteristic vector as in Inequality (16). For convenience, we include the full 
path starting at (1, 0, —1, —5) : 

{(1,0,-1,-5), (-1,2,1,-3), (1,-2,1,-3), (-1,0,3,-1), 
(1,0,-3,-1), (-1,2,-1,1), (1,-2,-1,1), (-1,0,1,3)}. 

(The other full path is obtained by multiplying all above vectors by —1 and 
reversing the order.) Now, we claim that [7(8)(1, 0, — 1, — 3) ~ C/(8)(l,0, — 1, — 5). 
In fact, it is straightforward to verify that: 

U ® (-1, 0, 1, 5) ~ (1, 0, 1, -9) ~ (-1, 0, 5, -5) ~ [/ (8) (1, 0, -1, -5). 

Here, we have broken the equivalence up so that when we write K K' , we 
mean that K' is obtained from K by applying the algorithm for constructing 
a full path. 

It is interesting to note that it follows from the above calculations that the 
conjugation action, which in general gives a an involution on HF^(Y), in the 
present case permutes the two zero-dimensional generators. Observe also that 
the renormalized length ( ^ ^^'^^ ) of both vectors is . 

The Brieskorn sphere S(3, 5, 7) We claim that 

i7F+(-S(3, 5, 7)) ^ r_+2 © Z(_2) © Z(o) © Z(o). 

We can realize S(3, 5, 7) as the boundary of a negative-definite plumbing of 
spheres, as in Figure 1. Unlabeled vertices all have multiplicity —2. We order 
the vertices so that the central node comes first, the — 3-sphere second, then 
the four vertices on the next chain (ordered so that the length to the central 
node is increasing) and finally, the six vertices on the final chain (ordered in 
the same manner). 




Figure 1: Plumbing description of 5](3,5, 7) Here, the unlabeled vertices have 
multiplicity —2. 
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We claim that there are exactly four characteristic vectors satisfying Inequal- 
ity (13) which can be completed to full paths terminating in characteristic 
vectors satisfying Inequality (16), and these arc the vectors: 



U®K3 ~ (2,-5,0,0,0,0,0,0,0,0,0,-2) 

~ (0,-1,0,0,0,0,0,0,-2,4,0,-2) 

- [7 0(0,-1,0,0,0,0,0,0,0,0,2,-2) 

- [7 0(0,-1,0,0,0,0,0,0,0,0,0,2) 



Here, as before, wc break the equivalence up into simpler steps, writing K ^ K' 
if K' is obtained from K by applying the algorithm for constructing a full path. 

Also we have that 



U®Ki ~ (-2,5,0,0,0,0,0,0,0,0,0,0) 

- (0,1,0,0,0,0,0,0,2,-4,0,0) 

~ [7 0(0,1,0,0,0,0,0,0,0,0,-2,0) 

~ [7 0(0,-1,0,0,0,0,0,0,0,2,0,-4) 

~ [/^O (0,-1,0,0,0,0,0,0,0,2,-2,0) 



A similar calculation shows that 

[7 O isTs ~ [/2 O ~ ® K4. 

The result then follows. 

4 The Floer homology of E2 x 

As an application of the calculations for plumbing diagrams, we calculate HF'^ 
of the product of a genus two surface with the circle. Along the way, we also 
calculate HF~^ for certain other genus two fiber-bundles over the circle. 
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K4 



(0,-1,0,0,0,0,0,0,0,0,0,0) 
(0,1,0,0,0,0,0,0,0,0,0,0) 
(0,1,0,0,0,0,0,0,0,0,0,-2) 
(0,1,0,0,0,-2,0,0,0,0,0,0) 
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Let T2 C denote the connected sum of two copies of the right-handed trefoil 
T. Now, if Yn = S'^{T2) denote the three-manifold obtained by +n-surgery 
on along T2, then this manifold can be realized by plumbing along the 
tree pictured in Figure 2. Note that this graph has at least two bad vertices. 
However, for n = -1-12, after a handleslide followed by a handle cancellation, 
we obtain an alternate description of Y12 as the Seifert fibered space whose 
plumbing diagram is pictured in Figure 3. 

Note that the realization of as surgery on a knot gives a correspondence 

Q-.TLjnL — > Spin"(y„). 

We adopt here the conventions for the integral surgery long exact sequence, cf. 
Theorem 9.19 of [12]. According to these conventions (cf. Lemma 7.10 of [15]), 
if W denotes the cobordism from to Y^ obtained by attaching the two- 
handle, and \F\ G H2{W;Z) is a generator, then (5(0) is the Spin'^ structure 
over Yn which has an extension s over W with 

(ci(s),[F])=n. 

Lemma 4.1 Let Q{0) be the Spin"^ structure over Y12 as above on the zero- 
surgery on the double-trefoil. Then, 

HF+{-Yi2,Qm = Z(_3/4) e r+/4. 

EquivaJentJy, 

HF+{Yu,Qm = Z(_i/4) e r+^. 

Proof Consider the plumbing diagram G for Y12 in Figure 3. We argue that 
KeiU C H+(G,(5(0)) is two-dimensional. 

We order the spheres 81,32,3^,84,85, so that 81 is the central sphere, and 82 
and ^3 are the other two two-spheres with square —2. We identify characteristic 
vectors as quintuples, according to the values on Si, . . . , S5. 

We use Lemma 2.3 and Proposition 3.2 to calculate KerU . Of the seventy-two 
characteristic vectors satisfying Inequality (13) the following six are the only 
ones which represent the given Spin'^ structure: 

(0,2,2,3,3), (0,0,0,3,3), (0,2,2,1,1), 
(0,0,0,1,1), (0,2,2,-1,-1), (0,0,0,-1,-1). 

Indeed, we claim that of these six characteristic vectors, K = (0, 0, 0, 1, 1) and 
—K are the only two which can be connected to characteristic vectors satisfying 
Inequality (16). For example, 

(0, 2, 2, 3, 3) - (4, 2, 2, -3, -3) ~ C/ (0, 4, 4,-1,-1). 
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Moreover, since 



4 ~ 4' 



it follows immediately that the kernel of U inside H+(G) has rank two, and it 
is supported in degree —3/4. 

Next, we claim that the kernel of has rank three. This follows from the fact 
that 

U K ^ U -K; 

more specifically: 

(4, -2, -2, -3, -3) ~ (2, -2, -2, -3, 3) ~ (-2, 0, 0, -1, 5) ~ C/®(0, 0, 0, -1, -1), 
while 

(4, -2, -2, -3, -3) ~ (-2, 2, 2, -3, 3) ^ (2, 0, 0, -5, 1) ~ C/ ® (0, 0, 0, 1, 1). 

The restatement for Y12 (rather than —Y12) follows from the general properties 
of the invariant under orientation reversal. □ 



-2 -1 n-12 -1 -2 
• 1 • f • 



-3 



-3 



Figure 2: Plumbing description of a connected sum of two trefoils Here, for 
an arbitrary integer n, we have a description of y„ = S!^(T2) as a plumbing diagram. 



-2 
•- 



-2 



-3 



Figure 3: Plumbing description for Y12 
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Proposition 4.2 Let Yq denote zero-surgery on the connected sum T2 of two 
copies of the right-handed trefoil. Then, under the identification Spin'^(yo) = 2Z 
(using the first Chern class and then a trivialization H'^{Yq;Z) = Z j, we have 
that 

HF+{Yo,±2) ^ Z, 
HF+{Yo,7n) = 

for \m\ > 2. Moreover, as a 7j[U] module, we have that 

HF+{Yo, 0) - r+ /2 e © Z(_5/2) 

(the subscript on the last factor here denotes the absolute grading of the Z 
summand). 

Proof The fact that HF'^{Yq, m) = for \m\ > 2 follows from the adjunction 

inequality for HF+ (cf. Theorem 7.1 of [12]). The fact that HF+{Yo, ±2) ^ Z 
follows from the fact that Yq is a genus two fibered knot (cf. Theorem 5.2 
of [14]). (An alternative verification of these facts could be given by a more 
extensive calculation of Y12, in the spirit of Lemma 4.1.) 

We now use the graded version of the integral surgeries long exact sequence (cf. 
Section 7 of [15]) to determine HF'^{Yo,0) . Recall that that sequence gives: 

••• > HF+iS^) HF+(Yo,0) HF+{Yi2,Qm ■■■ 

(in general, the term involving Yq reads 

^HF+{Yo,12k), 
feez 

but it follows from what we have already seen that HF~^{Yo, 0) is the only non- 
trivial summand here). The map F3 annihilates HF°°{Yi2,Q{0)) , and it can 
be written as a sum of terms which decrease degree by at least —11/4. Since 
HF^^{Yi2,Q{0)) is supported in degree —j, it follows immediately that F3 is 
trivial. Bearing in mind that F2 is a homogeneous map which shifts degrees by 
9/4 (cf. Lemma 7.11 of [15]), the result now follows easily. □ 

Remark 4.3 It is an easy consequence of this calculation that, if Yli denotes 
the three-manifold obtained by (—1) surgery on the double-trefoil T2, then 
HF^^{Y-i) has generators with both parities; therefore, so does HF^^{—Y^i). 
Note that the plumbing diagram for Y-i in Figure 2 has two bad points (two 
vertices with degree three and multiplicity —1). This underscores the impor- 
tance of the hypothesis on the graph for Theorem 1.2. 
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We now calculate HF'^{S^ x S2) . To do this, we think of x S2 as a surgery 
on a generalized Borromean rings (compare this with the corresponding cal- 
culation of HF^iT^) from Section 8 of [15]). Specifically, consider the link 
pictured in Figure 4. For integers a,b,c,d,e, we let M{a,{b,c){d,e)) denote 
the three-manifold obtained by surgery instructions as labelled in the figure 
(i.e. a is the coefficient on the long circle). In particular, it is easy to see that 
M(0, (1, 1)(1, 1)) is zero-surgery on the connected sum of two right-handed tre- 
foils; while M(0, (0,0) (0,0)) ^ 5^ x S2. 



a 




Figure 4: Generalized Borromean rings This link has the property that if the 
surgery coefficients a = b = c = d= e = 0, then the three-manifold obtained is 
X S2. 

We calculate M(0, (0, 0), (0, 0)) by successive applications of the long exact 
sequence. In this calculation, we will make heavy use of what is known about 
HF°° (see Section 10 of [12]). Recall that a three-manifold Y is said to have 
standard HF°° if for each torsion Spin^ structure to , 

HF°°{Y, to) = Z[U, U-^] A*H\Y; Z) 

as a Z[U, U~^] 0z A*Hi{Y; Z)-modulc. In general, we have a spectral sequence 
whose E2 term is Z[U,U-^] ®z A*H^{Y;Z) which converges to i?F°°(r, to) , 
so this condition is equivalent to the condition that all higher differentials dr 
for r > 2 are trivial. Three-manifolds with bi (Y) < 2 all have standard HF°° . 
Moreover, if Y has standard HF°° , and IK C y is a framed, null-homologous 
knot, and 61 (Ik) = bi{Y) , then Yk also has standard HF°° (cf. Proposition 9.4 
of [15]). 

Thus, in our exact sequences, we will find it convenient to work with the three- 
manifolds Y = M{a{b, c){d, e)) with a = 1 as much as possible, since all of these 
three-manifolds have standard HF°° . The cost is that these three-manifolds 
have two extra generators in HF~^ . (We will not need to calculate their absolute 
gradings, however.) 

More precisely, we have the following: 



Geometry & Topology, Volume 7 (2003) 



216 



Peter Ozsvatb and Zoltaxi Szabo 



Lemma 4.4 Fix any integers b,c,d,e G {0,1}, and let Zq denote the three- 
manifold Zq = M(0, (6, c), {d, e)) . We have an identification 

HF+{Zo,i) = Z''. 

{teSpin'=(Zo)|ci(t)7^0} 

Moreover, if Z\ = M(l, {b, c), {d, e)) , this subgroup injects into HF^{Zi). Sim- 
ilarly, the corresponding subgroup of HF(Zq) has rank four, and it, too, injects 
into HF{Zi). 

Proof The first claim follows from the fact that Zq is a genus two fibration 
(see [14]). The injectivity claim follows from the long exact sequence connecting 
Zq, Z\, and a third term which is a connected sum of some number of copies 
of 5^x52. □ 

We will let V(fc c)((i,e) C ii"F+(M(l(6, c)((i, e))) denote the rank two subgroup 

constructed in Lemma 4.4, and ^(6,c)(d,e) C -H"F(M(1(6, c)(d, e))) be the corre- 
sponding rank four subgroup.^ 

Lemma 4.5 We have Z[C/] -moduie identifications: 

i?F+(M(i(i,i),(i,i))) ^ T+2eZ(_3)ey(i,i),(i,i), 
i/F+(M(i(i,o),(i,i))) - r_+/2er+3/2eZ(_5/2)eV(i,o),(i,i) 

Proof Both arc relatively straightforward applications of the surgery long ex- 
act sequence for HF~^ , given the calculation from Proposition 4.2. 

The surgery exact sequence for the triple 

(M(oo(l,l),(l,l))^S^ M(0(1,1)(1,1)), M(l(l,l),(l,l))) 

reads: 

...^T+-^ r+/2er+3/2 ©Z(_5/2) © w hf+{m{i{i, i), (i, i))) • • • 

where here W is the rank two module generated by the sum of HF^ (Yo,m) 
with m 7^ 0. Now, we claim that the map F^ is trivial. Clearly the map 

^The Abelian groups which we meet now and in the rest of this paper are free Z- 
modules. To verify this, one can run the exact sequence arguments below for Z/pZ 
where p is an arbitrary prime, and observe that the dimensions of each of the vector 
spaces in question is independent of the prime p, and hence, by the universal coefficients 
theorem, these groups are free Z-modules. Having said this now, we do not call the 
readers' attention to it again. 
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is written as a sum of maps which induce the trivial map on HF°° (this is 
necessary in order for HF^{M (0(1,1), (1,1))) to have its structure). Thus, 
F3 factors through H F^^(M (1(1, 1) (1, 1))) . Indeed, it is also trivial on the 
image V(i i)(i i) of W inside M(l(l, 1)(1, 1)) (by exactness). But now, since 
F2 lowers degree by 1/2, this quotient group is isomorphic to a single Z in 
dimension —3. Since the map F-^ does not increase degree, and HF^(S'^) is 
supported in non-negative dimension, it follows that F3 is trivial. Now, Fi is 
injective, it clearly maps onto the summand HF~^(Yo, 0) C HF~^(Yo) . The first 
isomorphism claimed in the lemma now follows. 

The second isomorphism follows from considering the surgery long exact se- 
quence for the triple 

(M(l(l,oo),(l,l))^-S(2,3,5), M(1(1,0)(1,1)), M(l(l, 1), (1, 1))) . 

Recall that i7F+(-S(2, 3, 5)) = T+2 (sec [15]). Also, the map in the exact 
sequence which takes HF+(M (1(1,0) (1,1))) to HF+ (M (1(1,1) (1,1))) carries 
the subgroup V(i o)(i,i) to V(i,i)(i,i) . This latter observation follows from nat- 
urality of the maps induced by cobordisms, togther with the observation that 
the corresponding cobordism connecting Af(0(l, 0)(1, 1)) to Af(0(l, 1)(1, 1)) in- 
duces an isomorphism on the part of HF^ supported in Spin^ structures with 
non-trivial first Chern class. This follows easily from the long exact sequence 
connecting these HF'^ of these three-manifolds. Indeed, the point here is that 
the cobordism from M(0(1, 0)(1, 1)) to M(0(1, 1)(1, 1)) admits a genus two 
Lefschetz fibration, see [14], especially Lemma 5.4 of that paper. 

As before, the map in the long exact sequence taking 

HF+(M(1(1, 1), (1, 1))) HF+(-^(2, 3, 5)) 

is trivial on the image of HF°° , and it is also trivial on V(i x) x) (by exactness). 
The remaining quotient group is a Z in dimension —3, and since the map under 
consideration does not increase degree, and HF~^(—T,(2,3,5)) is supported in 
degrees > —2, it follows that the map under consideration is trivial. □ 

Remark 4.6 In view of the above calculations, we see that M(l(l, 0)(1, 1)) 
gives yet another example of an integral homology 5^ x which is obtained 
as integral surgery on a two-component link in , but which is not surgery on 
any knot (indeed, with the given orientation, this manifold cannot bound an 
integral homology x S"^). All this follows from the fact that 

di/2(M(l(l,0)(l,l))) = -| 

d_i/2(M(l(l,0)(l,l))) = 
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together with Theorem 9.11 of [15]. 

Lemma 4.7 We have the identification: 

ifF+(M(l(0,0)(0,0))) - (V)'©K)'©(n)'®^(o,o),(o,o) 

Moreover, if we let Z^q^ C i?Fo(-M(l(0, 0)(0, 0))) be a subgroup which maps 
isomorphically onto 

(KerC/KTo+f) c ifFo+(M(l(0, 0)(0, 0))), 

then the map induced by the Hi -action 

i?i(M(l(0, 0)(0, 0)); Z) ® Zfo) HF_i{M{l{0, 0)(0, 0))) 

has six-dimensional image. 

Proof We find it convenient to work with HF . The last isomorphism of the 
previous lemma shows that 

^(M(l(l, 0)(1, 1))) ^ Z2_5/2) © Zj_3/2) © V(1,0),(1,1)- 

Recall (see Section 8 of [15]) that 

5^P(M(1(^,0),(1,1))) ^ Z(_3/2) © Z(_5/2) 

i?F(M(l(0,0),(oo,l)) ^ z2o)©z2_,^. 

Observe that each Y = M(l(b,c){d,e)) has standard HF°° . This gives rise to 
a subspace of HF{Y) of rank 2^'^^^^ , which comes from the intersection of the 
image of HF°°{Y) in HF'^{Y) with the kernel of U . We denote this space W . 
(Note that we are dropping 6, c, d, and e from the notation temporarily, as the 
argument we give here is independent of them). Moreover, there is also a four- 
dimensional subspace in HF(Y) according to Lemma 4.4, which we denote V . 
We claim that V HW = 0. This follows since (by construction) W injects into 
HF'^{Y) under the natural map i: HF{Y) — > HF'^{Y), but is in the kernel 
of the composite of this map with the natural map tt: HF~^{Y) — > HF^^{Y). 
On the other hand, V consists of one two-dimensional summand which is in the 
kernel i, and another which injects into HF^^{Y) under the composite tt o i. 
Now since 6i(M(l(6, c){d, e))) is given by the number of zero entries among the 
b, c,d,e, the above observations show that HF of each of these three-manifolds 
satisfies: 

rk(^(M(l(0,l),(l,l)))) > 6 
rk(^(M(l(0,0),(l,l)))) > 8 
rk(^(M(l(0,0),(0,l)))) > 12 
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There are also two exact sequences, associated to triples: 

(M(l(c», 0), (1, 1)) ^ -S(2, 3, 5)#(52 X S^), M(1(0, 0)(1, 1)), M(l(l, 1), (1, 1))) 
(M(l(0,0),(oo,l)), M(1(0,0)(0,1)), M(1(0,0),(0,0))). 

We claim that there are only two possible answers for HF{M{1{0,0){0,0))) 
which are consistent with all of these constraints: 

^(M(i(o,o)(o,o))) ^z^o) ez^_,) ez2_2) ey(o,o)(o,o)- (is) 

or 

HF{M{1{0, 0)(0, 0))) ^ Z^o) © Z9_,) © Z3_2) © F(o,o)(o,o)- 

Again, as in the proof of Lemma 4.5, we are using here the fact that the various 
^{b,c){d,e) mapped to one another by the corresponding maps, which follows 
from naturality of the cobordism invariants, together with the fact that the 
relevant cobordisms connecting the corresponding M{0(b,c){d,e)) all admit 
genus two Lefschetz fibrations. 

The latter case is ruled out as follows. Suppose it is realized. Then, we consider 
the long exact sequence for the triple 

(M(oo(0, 0), (0, 0)) ^ #4(52 X S'), M(0(0, 0)(0, 0)) ^ x S2, M(1(0, 0), (0, 0))) . 

In this case, HF-i/2{S^ X S2,to) = Z (it is the image of the top-dimensional 
generator of HF{#'^{S'^ x 5"-^))). Now, since HF_^/2{S^ x 112) surjects onto 

Ker (#F_2(M(1(0, 0), (0, 0))) ^ Z^ ^ HF^2i#\S^ x S^)) ^ z) , 

it follows that rk^Z"F_3/2(<S'^ x E2) > 2. But this contradicts the fact that 

HFk{S^ X S2) ^ HF_k{S^ X S2), 

which follows from the fact that x E2 admits an orientation-reversing dif- 
feomorphism. 

It follows that we have isomorphism from Equation (18), which easily translates 
to the claimed identification of HF'^ . 

For the claim about the Hi action, we investigate the above isomorphisms more 
carefully. Indeed, we break the verification into pieces, verifying first that the 
image of 

HiiM{l, (0, 0), (0, 00)); Z) ® HFi/2{Mil, (0, 0), (0, 00))) 

^:ffF_i/2(M(l(0,0),(0,cx)))) 
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has rank two. But this follows readily from the fact that 

M(l(0,0),(0,cx))) =M(1(0,0))#(52 x^i), 

and thus (according to the Kiinneth principle for connected sums, cf. Proposi- 
tion 6.1 of [12]) 

HF{M{1{0, 0), (0, oo)) ^ HF{M{1{0, 0))) ®z H*{S^), 

where the homology class supported in the 5^ x acts as contraction on 
H*{S^) . In particular, action by this homology class surjects onto the bottom- 
dimensional homology of HF{M{l{0,0),{0,oo))) (which in this case is sup- 
ported in dimension —1/2). 

We claim also that the map 

Hi{M{l, (0, 0), (0, 1)); Z) HF^y^iMil, (0, 0), (0, 1))) 

^:ffF_3/2(M(l,(0,0),(0,l))) 

has four-dimensional image. Indeed, we claim that chasing through the above 
isomorphisms, the natural maps 

HFr{Mil(0,0},(0,m HF+{M(l(0,0),iO,m 

^d(M(l(0,0),(0,l))) i/F+(M(l(0,0),(0,l))) 

are isomorphisms when d = —1/2, —3/2. Indeed, the above natural maps 
respect the ffi -actions. Moreover, since HF°° of 1" = M(1(0, 0), (0, 1)) is 
standard, and bi{Y) = 3, we see that if F = i?i(y;Z), and H* = H^{Y-Z) 

HF^y^{Y) ^ A^H*(BH* 

HF^^I^{Y) ^ A^H*®hPH\ 

where the H = H\ action is modelled by contraction. The claim is now imme- 
diate. 

Finally, the claim of the lemma then follows easily from a glance at the if F -long 
exact sequence for the triple 

(M(l,(0,0),(0,oo)), M(1,(0,0),(0,0)) M(1,(0,0),(0,1))), 

bearing in mind that all maps are equivariant under the action of the one- 
dimensional homology, and using the rank calculations established above. □ 

Lemma 4.8 Let Y he a three-manifold with bi{Y) = 5, and to be a Spin'^ 
structure whose Grst Chern class is torsion. Then, in each degree k, 

9 < TkHF^{Y,to) < 16. 
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Indeed, when the lower bound is realized, the action 

H,{Y; Z) ® HF^^iY, to) HF^{Y, to) 

is trivial. (Here, we are using the absolute Z/2Z grading on HF°°, which is 
characterized by the property that HF^ is non-trivial.) 

Proof Now, to estimate HFj^{Y, to) , we use the universal coefEcients spectral 
sequence. The E2 term here is a repeating pattern of 

Z H^Y) K^H^{Y) A^H\Y) A'^H^Y) A^H\Y) 


(i.e. the repeating pattern comes about by the various U powers). It is easy 
to see that the total rank of £^00 is minimized if the ^3 differential restricts 
as a surjection from A^H^{Y) — > Z, an isomorphism from A^H^{Y) — > 
H^{Y), and an injection from A^H^{Y) — > A'^H^{Y). In that case, the rank 
of HFk{Y,iQ) (for each k) is 9. For such a three-manifold, HF°°{Y) is a 
quotient of a Z[f/, U'^] ®z A*Hi{Y; Z)-submodule of 

(A^H^Y) e A'^H^Y)) Z[f/, ^7-^]. 

In particular, the -ffi(y) -action on elements of odd parity [A'^H^(Y)) is trivial. 
(Recall that the parity is defined so that A^^H^{Y) has even parity.) □ 

Theorem 4.9 Letting to € Spin'^(S'^ x S2) be the Spin*^ structure with trivial 
first Chern class, we have the Z[U] -module identification 

HF^s' X S2,to) = e (t+,)' e (t+/,)' e (t+^J . 

In particular, 

HF{S^ X S2,to) ^ Z(3/2) © Z9,/2) © ^(-1/2) ® ^(-3/2)- 

Moreover, the only other non-trivial Spin'^ structures with non-trivial HF^ are 
the ones with ci(t) = ±PD[5'^] (where here [S^] represents the fiber factor of 
X II2 ); for each of those, we have that HF^ is isomorphic to Z. 

Proof Consider the triple: 

(M(oo(0, 0), (0, 0)) ^ #\S^xS'), M(0(0, 0)(0, 0)) ^ S'x^2, M(1(0, 0), (0, 0))) 
Observe that the map from HF+{#^{S^ x S^)) to 1 HF+{^2 x S^) 

is trivial, and hence, so is the map induced on HF. It follows that W maps 
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isomorphically onto V in the HF long-exact sequence for the triple which now 
reads: 

• • • HF{n^\s^ X s^)) HF{s^ X S2, to) e w ^ zfo^ ez^_i) ezf_2) ^ • • • 

Of course, as a graded group, we have that 

Now, let C denote the rank of the kernel of the map 

F3 : HFo{M{l{0, 0), (0, 0))) ^ — > HFo{#^{S^ x S^)) ^ Z^ 

Since HFk{S^ x S2) = HF_k{S^ x S2) (which in turn follows from the fact 
that the three-manifold has an orientation-reversing diffeomorphism) , it follows 
that 

HF{S^ X S2, to) = Z(3/2) © Zj+5 © Zpf/2) © Z(_3/2) • (19) 

Now, it follows from Lemma 4.8 that C > 4. 

The case where C = 6 is excluded by the Hi action as follows. We have seen 
that the map 

F2 : :^_i(M(l(0, 0), (0, 0))) HF_i{#\S^ x S^)) 

is surjective; it follows that there must be some clement in the six-dimcnsional 
subspace of lfF_i(M(l(0, 0), (0, 0))) which is the i^i -image of HFq with non- 
zero projection under F2. But by the naturality of the Hi action, such an 
element must have zero image under F2 , since C = 6 is the hypothesis that 

F2: ^o(M(l(0,0),(0,0))) ^i?Fo(#'(5i x52)) 

is identically zero. 

To rule out the case where C = 4, we proceed as follows. If C = 4, then 
the lower bound on the rank of HF°° Lemma 4.8 is realized. On the other 
hand, the image of the top-dimensional class in HF{^'^{S^ x S*^)) has odd 
parity in HF{S^ x E2) , and yet it has non-trivial images under the Hi action, 
contradicting that lemma. 

The only remaining case is C = 5 in Equation (19). This easily translates to 
the claimed identification of HF'^ . □ 
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4.1 Further speculation 

Although HF^ of a three-manifold is a subtle invariant, we know that HF°° 
is not: it remains unchanged under integral surgeries which preserve bi . Still, 
it is useful to know HF°° as a starting point for calculations of HF'^ . 

As a computational tool, we have a spectral sequence whose E2 term is given 

by 

Z[U,U-^] ®z A*H\Y;Z), 

which converges to HF°°{Y). Thus a three manifold Y has standard HF°° if 
all the differentials di for i > 2 are trivial. 

We have seen (cf. Proposition 8.4 of [15]) that is a three-manifold whose 
HF°° is not standard. In fact, Theorem 4.9 provides us with another such 
three-manifold: in each dimension, the rank of HF°° (as a Z-module) is only 
ten, rather than sixteen. It is natural to expect that the cohomology ring of Y 
plays an important role here. More concretely, we make the following conjecture 
(which is easily seen to be consistent with the above calculations): 

Conjecture 4.10 Let Y be a closed, oriented three-manifold equipped with 
a torsion Spin'^ structure to. The spectral sequence for i7F°°(y, to) collapses 
after the E^ stage, and moreover the differential 

is given by the homological pairing: 

d3(0lA. . .A(/)j) = /■"^_oM (-l)''(<^^{l)U'^(T(2)U<^a(3), [>"])-0a(4)A. . Mali), 

where &i denotes the permutation group on i letters, and (—1)*^ denotes the 
sign of the permutation. 
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